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1. INTRODUCTION

A well known result of Miintz asserts that for an increasing sequence of
nonnegative real numbers {p;}-, with lim;,, p; = o0, a necessary and
sufficient condition for the finite linear combinations of x?¢ (the
“polynomials” Y ,a;x?) to be dense in C[0, 1] is that p, = 0 and
Y. 1/p, = 0. We shall assume these conditions throughout this
note.

We shall be concerned with the problem of how well can a given function
f(x) € C[0, 1] be approximated, in the sup norm, by “polynomials.” In other
words, we look for an estimate on

. ) — 1 - 2 "
E.(f; p) n}llzn Oléliiél [f () ;0 a;x

For the sequence p; = i ({ == 0) this problem was completely solved by
Jackson and the estimates were given in terms of the modulus of continuity
of the function or its kth derivative if the latter exists and is continuous in
[0, 1]. An attempt to generalize this to sequences satisfying Miintz’s con-
ditions and p,., — p; = 2 was made by Newman [3] and, more recently, in
a series of papers [4, 5, 6] von Golitschek has given estimates on E,(f; p,)
for sequences satisfying Miintz’s conditions and the inequalities

A(p) < exp (Z 1/p,~) <B(p), n=1,2., M
=1

for some positive constants 4, B, §, 4 (=9).
Our results include those of von Golitschek and unify the different cases
he has.
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2. MAIN RESULTS
As was mentioned above, we assume
-
0=py<py =< <py < —>00; Y lfp; = o0 )
Denote

o,; — Imax
M o<

Upoexp[~2 3 I/p,]i, 3

i=r+1

then o,, > 1/p, , but it follows immediately by (2) that o,, tends to 0 as
n— .

Our first result concerns the function f(x) = x* for which our estimates
are given by means of o,,, p, < a < p,,, . For the general case we have
estimates given by means of the bigger quantity a,,, .

THEOREM 1. Let a be a positive number, different from all p; , i = 0; and
let n satisfy p, > a. Then for r with p, < a < p.,, we have

En(x*; p;) < a’oy, C))
and so

E (x°; p) = O(on),  as n—» oo,

THEOREM 2. Let f(x) be k-times continuously differentiable in [0, 1] (k = 0).
Then there exist constants C, and K,, such that for all n with p,, > 2k -- 1,

n(f pz) CkUnnw(f(k); U‘nn) + KkC’;s ’ (5)
where w(f'®; -) is the modulus of continuity of f®, p, < k < pyq and
w =min{j| 1 <j <k, jé{pd, f0) # 0}

(x is oo if either k = O or the above set is empty so that in this case oy, = 0.)
In the proof we need two lemmas of von Golitschek (Lemma 2 and
Satz 4 of [6]).
LEMMA A. Let a be a positive real number. Then

n

E(x p) <[] — Lo bl
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LemMA B. Let f be k-times continuously differentiable in [0, 1] (k > 0)
and let n > 2k and X = 1. Then there exists a polynomial T(x) = 35 ¢ bpiX’
such that we have

%) — TO%) < A o(fP; Mn), j=0,...k 0<x<1 (6

and
| bps | < AmfAy % o(f®; Mn)fil, i=k+1,..,n @)

Proof of Theorem 1. It is known that for 0 < x << 1 we have
(1 — x)/(1 + x) < e72*. Hence, by Lemma A for n such that p, > a

E.(x* ps) < exp[ 2 i a/pi]

i=r+l1

where p, << a < p,., . This implies

En(x% p;) < a®

tpeexp |2 3 [

i=r+1

a __a
< d'oy, .

This completes the proof of (4).

Proof of Theorem 2. Letp, = 2k + 1and setm = [p,] and A = 2emo,,
s0 A > 1. By Lemma B, there exists a polynomial T,,(x) = 3, b,.;x* such
that

| f() — Tulx)] < AuNm)* w(f 5 Am). (8)

Now if j ¢ {p;} let Q,; = Y. a;x" be the “polynomial” of best approxi-
mation to x? and define

T¥) = Y b + Y bpsQuil0).

je(py (D}

Then

1) = T 1) = Tl + Y. 1bas | 1% — Q¥ (9)

i¢twg)

For 1 < j < k it follows by (6) that

[ g | < fOO)jE + AN mY*~ w(f®; Am).
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Also by Theorem 1,

[ X — Qni(x)| < EW(X; p)

i
T ] (22N
and so since o, = o,,,

| bos | | %7 — Qns0)] < FO0) €0, + Brok,w(fP; 2e0,,),

(10)
where B, = A, (2e)* k*.
For k + 1 << j < m it follows by (7) and Theorem 1 that
| bs | 157 — Q0] < AN ™ w(f ¥ Nm) €7, an
< Bkannw(f(k) zeann) ZWJ
We have

w(f®; 2e0,,) < (2e + 1) w(f; 0,,)

and so combining (8)—(11), (5) foliows. This completes the proof.

3. APPLICATIONS

It is readily seen that if { p;} satisfies (1), then for any fixed k

Onre = O(pn )
and
0p>)  4<4i,
Opnn = O(p-ﬁ/ﬁ) A > % ;

hence, our Theorems 1 and 2 reduce in this case to von Golitschek’s Satz 4
and 5 [6], respectively.

If p, = i) for some A > 0, then it is readily seen that

CXp [—2 Z I/Pz:,’ A 2 25
i=1

Onn
exp [~)\ > l/p,], 0<A<2
=1

If, for example, p; = (i + 1) log(i +- 1), then both o, (k fixed) and o,, are
O(1/(log n)?), as n — 0.



THE JACKSON-MUNTZ THEOREM 5

It is interesting to compare our estimates here with the known estimates
on the rate of convergence of the generalized Bernstein polynomials [1]. It
was shown in [1] Theorem 9 that if p; = 1, then the nth generalized Bernstein
polynomial of f(x) € C[0, 1] approximates the function at least at the order
of w(f; p¥/%), where

Pn = lmax

b
<rsn

lpeexp |~ = 9 3 1/pz-]

i=r+1

€ > 0 is arbitrary and can be done away with in many cases, for instance if
Pira — Ps = a > 0,1 > 0. (See remarks in [1] at the top of p. 407.) In any
case, p,, resembles o,,,, very much and we can say roughly that while, in general

w(f; o,,) 18 the order of approximation of “polynomials” to f(x), the

generalized Bernstein polynomials allows order of approximation of w(f; o2

—a familiar result for the ordinary Bernstein polynomials.
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